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Abstract 

We study bounded and unbounded representations of the *-algebra Q„,a(*) gener- 
ated by n idempotents whose sum equals Ae (A G C, e is the identity). 

1 Introduction 

Let _ff be a complex (finite or infinite dimensional) separable Hilbert space and B{H) the 
algebra of bounded operators on H . An operator Q G B{H) is said to be idempotent 
if = Q. A selfadjoint idempotent P is called orthoprojection. The problem to study 
families of idempotent is not just an interesting algebraic problem but it also arises in 
numerous applications to analysis (see, for example, pGKKRSS | and references therein). 



theory of operators (see |Wul] and references therein), mathematical physics (see [Ba, 
and references therein) etc. 

The structure of pairs of idempotents on finite-dimensional space or, equivalently, finite- 
dimensional representations of the algebra Q2 = C(gi, q2, e | qf, = qk,k = 1,2) with the 



unit e, is non-trivial but well understood (see |Na, |GP|| ). The structure of three and more 
idempotents or, equivalently, representations of the algebras Q„ — C{qi,... ,qn,e \ qf — 
qk,k = 1,... ,n) for n > 3 is extremely difficult (the corresponding algebra is wild (see 



[DF|)). Families of idempotents with additional condition that their sum is a multiple of 
the identity operator or, equivalently, representations of the algebras Qn,\ — C(gi, . . . , (7„, e | 
Ik = '^Gj Qk ~ Ikj k = 1, ■ . ■ , n), A € C, are studied less (for some results about finite- 
dimensional representations and representations by bounded operators on Hilbert space of 
Qn,\ see the first subsection at each section). 

In this paper we consider the problem of describing up to unitary equivalence families 
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of idempotents or, which is equivalent, ^-representations of ^-algebras generated by idem- 
potents. 

Natural ^-analogues of the algebras Q„ and Q„,a, n e N, A G C, are: 

(a) the *-algebras Q„(*) = C(gi,... ,g„,g^,... ,q*,e\ql = qk,k = l,...,n) gener- 
ated by n free idempotents and their adjoints. Denoting Q* the algebra (not a *-algebra) 
C(g*, ... ,ql I {qlf = ql,k = 1, . . . ,n), we have Q„(*) = Q„ * Q* , where * is the sign of 
free product of algebras; 

(b) the ^-algebras Qn,\{*) = C(gi,... ,qn,ql,--- ,<,e | Y.k=i1k = = q^,k = 
1, . . . ,7i), A g C, which are generated by n idempotents whose sum is a multiple of the 
unit, and elements which are adjoint to them. Setting Q* = 'C{ql, . . . , g*, e | 9fc = 
Ae, {qlf = ql,k = l,... ,n), we have Q„,a(*) = Qn,A* Q*,a; 

and their factor-*-algebras, such as 

(c) the ^-algebras Vn — C(pi, . . . ,Pn, e | = p/c ~ pl,k ~ 1, . . . , n) generated by n 
ort hopro j ections ; 

(d) the ^-algebras 'Pn,a = C(pi, . . . ,p„,e | Pfe = = p^. = p*, fc = 1, . . . ,n), 
a e R, generated by n orthoprojections whose sum is a multiple of the unit. 

The structure of pairs of orthogo nal pr ojections Pi, P2, or representations of *-algebra 
V2 is well known (see, for example, [ ElaS| ): irreducible representations of V2 are one or 
two-dimensional and any representation is a direct sum (or direct integral) of irreducible 
ones. 

The structure of three and more orthoprojections or representations of the ^-algebras 
Vn, n > 3, is very difficult (the ^-algebras are *-wild). For the definition of *-wild algebras 



A number of articles (see 



we refer the reader to |KS2| 0S2\_. 

|rs|, |krs| ) are devoted to the structure of families of orthogonal 



projections whose sum is a multiple of the identity or, equivalently, representations of the 
*-algebras Vn.a, a G M.. In particular, there were described the sets of a € K. such that 
there exist orthogonal projections Pi, . . . P„ on a Hilbert space H so that X]fe=i Pk = al, I 
is the identity operator. Note that orthoprojections are necessarily bounded operators and 
*-algebras Vn and Vn,a do not have representations by unbounded operators. 

Families of idempotents Qi,... or, equivalently, representations of *- 

algebra Qn{*) have a simple structure in the case n = 1. The situation is similar to the 
situation for pairs of orthoprojections (see section 2.2). If ?i > 2 the problem of unitary 
classification of all families of idempotents becomes difficult (the ^-algebra Q„(*) is *-wild) 
([p<S^, |0S^). 

In the present paper we study, up to unitary equivalence, the structure of idempo- 
tents whose sum is a multiple of identity, or, equivalently, representations of the *-algebras 
Qn,\{*), A e C. In contrast to orthogonal projections there exist unbounded operators 
Q satisfying Q'^ = Q (unbounded idempotents) (see Q). We study representations of 
Qn,\{*) by bounded operators (i.e., *-homomorphisms of Qn.x{*) to B[H)) and the sets 
A„,M = {A G C I 3Qi,... ,Qn e B{H),J2'LiQk = MMl = Qk,k = \, . . . ,n} together 
with representations by unbounded operators and the corresponding sets A„,„„f)(i (for exact 
definitions see subsection 3 at each section). 

For n — ?> (sect. 3.2) representations of Q„,a(*) by bounded operators exist only for 
A e {0,1,3/2,2,3}, the ^-algebras Q3,o(*) — Q3,3(*) are one-dimensional, the *-algebras 
Q3,i(*) ^ Q3,2(*) - C^*C^ and Q3,3/2(*) ^ M2(C)*M2(C) are *-wild. For *-wild algebras 
we also study additional conditions under which the problem of unitary classification of 
their representations become transparent. Properties of the representations of Q„,a(*) by 
unbounded operators are essentially the same as representations by bounded operators in 
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the case n — 3 (sect. 3.3). In particular, A^^td = A^^uiM- 

For n = 4 the situation becomes different. For example, the sum of four bounded idem- 
potents equals zero only if the idempotents are zero operators, which is not the case for un- 
bounded ones (see |BES|). If the sum of bounded idempotents is equal to 1 then the idempo- 
tents are mutually orthogonal, but there exist unbounded non-orthogonal idempotents with 
the sum equal to 1 (see [ |ERSS[ ). Moreover, A4,m = {0, 1,1-1- ^^(fc e N),2,3- -^^,3,4}, 
while A4 unbd = C (Proposition In Section 4 we study the problem of describing of repre- 
sentations of Q4,a(*) by bounded and unbounded operators and representations of Q4,a(*) 
under some additional restrictions. The case Q4,o(*) is treated in details. 

In Section 5, following |R5], we show that As.bd = C and that the problem of unitary 
classification of already bounded representations of the ^-algebra Qn,\{*) for n > 5 is 
difhcult: the *-algebra is not of type / for any A £ C and it is *-wild for some A € R. 

We would like to emphasise one more time that speaking about representation of al- 
gebras we mean homomorphisms into algebras of linear operators on a vector space and 
*-homomorphisms into a *-algebra of linear bounded or unbounded operators defined on a 
Hilbert space if we speak about representations or ^-representations of *-algebras. We will 
also restrict ourself to indecomposable finite-dimensional representations up to similarity 
when talk about description of representations of algebras. Description of *-representations 
is reducing to the description of irreducible (^indecomposable) representations up to unitary 
equivalence. 



2 Representations of algebras Q2,a and *-algebras Q2,a(*) 

2.1 Algebras Q2,a and their representations 

Algebra Q2^x is non-zero only for A S A2 = {0,1,2}. We have Q2.0 = Q2,2 ~ Ce. The 
algebra Q2,i is easily seen to be equal to Qi = C{q,e\q'^ = q), its finite-dimensional inde- 
composable representations are one-dimensional: 7r(g) = or T:{q) — 1. 

2.2 *-Algebras Q2,a(*) and their representations by bounded oper- 
ators 

^-Representations of Q2.o(*) — Q2.2(*) — Ce are trivial. The problem of unitary classifi- 
cation of Q24(*) = Qi(*) reduces to the problem of describing a single idempotent up to 
unitary equivalence. Any irreducible representation of Qi(*) is one- or two-dimensional and 
given by 



(a) ^(qi) = l, or 7r(gi) = 0; (1) 
W ^(91)= (J [J ), ye(0,(X3). (2) 

(see, for example Q pS2{ ). The structure of arbitrary representation of Qi(*) by bounded 
operators is given by the following statement (see | KS2| ]): for any representation tt on 



a Hilbert space H there exist a unique decomposition H = Hq (B Hi (B C H2 and a 
projection-valued measure dE{-) on H2 whose support is a bounded subset of (0,cxd) and 
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such that 



Hi 



«) dE{y). 



(3) 



2.3 Representations of Q2,x{*) by unbounded operators 

Here we describe ^-representations of *-algebra Q2,i{*) — Qi{*) by unbounded operator 
recalhng necessary definitions of the concepts involved. 

Let $ be a dense hnear subset of a Hilbcrt space, H. Let £+($) = {X e £($) | $ C 
'D{X*), X*^ C $}, here ^{X) is the domain of the operator X. Then £+($) is an algebra 
with involution X^ = X*\<^. By ^-representation of a ^-algebra 21 by unbounded operators 
we call a unital *-homoniorphisni tt : 21 — ^ (see, for example, [|n[ ^). We write also 

_D(7r) for the domain $ and call it the domain of the representation tt. 

Define An.unbd to be the set of all A e C such that there exists a ^-representation of 
Qn,\i*) by unbounded operators. Since ^-algebras Q2,a(*) are non-zero only for A G A2, we 
have Aa^bd = A2.unbd = ^2- 

The class of representations defined above is very large and practically indescribable 
(see |ST, ^, Q). So if one wishes to get structure theorems giving a description of *- 



representations up to unitary equivalence then one should impose some additional conditions 
on the domain $. For example, one can require that $ consists of bounded (entire, analytical 
vectors) for some operators of the representation. Recall that a vector / e DkefiT^iX'^) C H 
is called bounded (entire, analytical) vector for operator X on iJ if there is a constant c/ such 
that ||X"/|| < cjWfW for any n e N (the function E^od 1/'^')^'' is entire or analytical 
at 0). The set of bounded (entire, analytical) vectors for operator X will be denoted by 
Hi,{X) {Hc{X) and Ha{X) respectively). Imposing this type of conditions we will call 
these representations integrable or well-behaved or good following the terminology in the 
theory of representations of Lie algebras (|^, ^]). Definitions of equivalent representations, 
irreducible representations which are necessary for formulating structure theorems, will be 
given for every particular class of representation considered in the paper. 

Let TT be a representation of Qi(*) defined on a domain D{tt) of a Hilbert space H{tt). 
We say that tt is a well-behaved representation if A = Tr{qq* + qq* — [q + q*)) (the closure 
of the operator 7r(gq* -t- qq* — {q -\- q*))) is selfadjoint and D{tt) — iJb(A). Note that 
qq* -\- qq* — {q -\- q*) is a central element of Qi(*). Setting a = q-\- q* ~ e and 6 = i{q* — q), 
which are clearly selfadjoint, we obtain qq* + qq* — {q + q*) = + b'^ — e. 

Let -ffm(7r) denote the set of aU vectors / e i?b(A) such that ||A"/|| < to"||/||. Since 
qq* +qq* — (q + q*) is central and A is selfadjoint, one can show that the subspaces i/m(7r) is 
reducing tt, i.e., tt = 7ri©7r2 and _ffm(7r) = D{'Ki). Moreover, each subrepresentation t^\h,-,i(-k) 
is bounded. In order to see this, it is enough to show that 7r(a) and 7r(6) are bounded 
on H„,{n). Given / e i/™(^), we have Ma' + b'')f\\ < (m + 1)||/|| and |k(a)/|p = 
(^(a)V,/) < (7r(a2 + fe2)/,/) < ||^(a2 ^52)j|| . ||y|| < (™+ i)||/||2^ the same holds for ^(6). 

A representation tt is called irreducible if the only linear subspace reducing tt are {0} 
and Din). Since for a well-behaved representation tt at least one of H„i{tt) is non-zero we 
obtain that any well-behaved irreducible representation is bounded. 

We say that two well-behaved representations tti and 7:2 are unitarily equivalent if there 
exist a unitary operator U : H{'Ki) H{ti2) such that UHm{T^i) — Hmi'^2) and U'Ki{a)f = 
TT2{a)U f for any / E iJm(7ri) and each m E N. 

Now we state a structure theorem. Its proof essentially follows the proof of an analogous 
statement for bounded representations of Qi(*). 
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Proposition 1. Any irreducible well-behaved representation of Qi(*) is bounded and, up 
to unitary equivalence, is given by (|l]) — (j^). Any representation n of Qi(*) is a direct sum 
(direct integral) of irreducible ones and given by where the equality holds on vectors 
feD{7:). 

Remark 1. If a ^-algebra is defined in terms of generators and commutation relations (the 
algebraic equalities imposed on the generators), instead of ^-representations of the *-algebra 
one speaks often about representations of this set of relations, i.e. families of operators 
satisfying the relations on some invariant dense domain. 

Let Q, Q* be closed operators such that that there exists a dense domain $ satisfying 
the following conditions: (1) $ is invariant with respect to Q, Q*; (2) $ is a core for Q, Q* 
(i.e. the closure of operators (5|$ and Q*]* are Q and Q* respectively); (3) $ C Ha{QQ* + 
Q*Q-{Q + Q*))] (4) Q'^f = Qf for any / G Then Q, Q* generate a ^-representation tt of 
Qi(*) with the domain <i> by setting Tr{q)f = Qf, ■n{q*)f = Q* f , / € $ and then extending 
it to the whole algebra. One can show that the representation tt* {■n*{a) ~ '^{0'*)*\d(-k*)i 
and Dii:*) — HaeQa is a unique selfadjoint ^-representation p of Qi(>i=) such 

that p{q) Q, p{q*) = Q*. Recall that p is selfadjoint if p — p* . Note that the domain 
$ satisfying (1) — (4) is not uniquely defined. But for every choice of $ we have the 
same selfadjoint representation. In particular, the domain $ can be chosen to be equal 
Hb{QQ* + Q*Q— {Q + Q*)) which implies that the unique selfadjoint representation p is tt*, 
where tt is a well-behaved representation. In this case the representation tt* is irreducible iff 
TT is irreducible, two well-behaved representations tti and 772 are unitarily equivalent iff tt* 
and TTj are unitarily equivalent in the sense that there exist a unitary operator U of iJ(7r^) 
onto H{Tri) such that [/£>«) = D{Tr*) and [/"^Tr^ (a)C// = 7ri*(a)/, / G D{Trl). So the 
problem to classify all well-behaved representation is equivalent to the problem to classify 
all selfadjoint representations defined above or all pairs of operators {Q,Q*). For concepts 
of the theory of representations by unbounded operators we refer the reader to |^]. 

Remark 2. There is also a correspondence between well-behaved representations and repre- 
sentations arising from representations of some C*-algebra. Let A = {f £ C{[0, oo), M2(C)) | 

/(O) is diagonal, limj^oo /(t) = 0}. ^ is a C*-algebra. Let q*{t) ~ (^^ q ^- O^^^ can 

show that q* G C([0, oo), M2(C)) is affiliated with A. Moreover, A is generated by q* and 
there exists a dense domain D oi A (for example, D = {f G A \ supp / is compact}) 
which is invariant with respect to q — {q*)*, q* , D is a core for q and q* and such that 
q'^a = qa, (q*)^a = q*a for any a G D. For the notion of af filiated el ements and C*- 
algebras generated by unbounded elements we refer the reader to |Wl| , |W2| (see also section 
4.3). Let TZ denote the set of pairs {Q,Q*) satisfying the conditions given in Remark |^. 
Then TZ = {(7r((j), 7r(g*)) | tt is a non-degenerate representation of A} (recall that tt is non- 
degenerate if Tr{A)H = H). Here 7r(g), Ti{q*) is the unique extension of the representation 
TT to affiliated elements. This was essentially proved in Q. It means that any well-behaved 
representation arises from a representation of a C*-algebra and any representation of A 
gives rise to a well-behaved representation of Qi(*). 

3 Representations of algebras Q3 ^ and *-algebras Q3 a(*) 
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3.1 Algebras Q3 a and their representations 

All algebras Qs^x are finite-dimensional. They are non-zero only if A G A3 = {0, 1, 3/2, 2, 3}. 
We have Q3.0 = Q3.3 — Ce with trivial representations. The idempotents qi, i = 1,2,3, of 
Q3.1 = Q3.2 are orthogonal, i.e. qiqj = (i ^ j). In fact, since (e — (73)^ = e — (73, we have 
{91, 92} = 9192 + 9291 = 0. But the idempotents anti-commute iff qiq2 — 9291 = 0. Therefore 
23,1 = 23,2 = Cqi e Cga © Cq3 = = Q2,± (= C(gi,g2,e | = g.^g^g2 ^ ^291 = 0)). 
The algebra 23,3/2 is isomorphic to M2(C). Finite-dimensional representations of C'^ and 
Af2(C) are easy to describe. 



3.2 *-Algebras Q3,a(*) and their representations by bounded oper- 
ators 

As in the algebraic situation we have A^^m — {0,1,3/2,2,3}. In contrast to 23, o(*) = 
23,3 (*) = Ce whose representations are trivial, the structure of representations of 23, i(*) = 
23, 2(*) and 23,3/2(*) is very complicated (the *-algebras are *-wild). Before proving this we 
recall some results and constructions concerning wild ^-algebras. For the general definition 
and results we refer the reader to |KS|, |0S^ . 



Let 62 denote the unital *-algebra generated by free selfadjoint elements, a, b, and let 
C*{J^2) be the group C*-algebra of the free group ^2 with two generators. For a unital 
*-algebra A we denote by Rep A the category of ^-representations of A whose objects are 
unital ^-representations of A considered up to unitary equivalence and its morphisms are 
intertwining operators. If A, B are *-algebras, A® B denote the *-algebra that consists of 
all finite sums of the form a (8) 6, a G A, & G B. 

Assume that for a unital *-algebra, 2t, there exists a unital *-homomorphism : 21 — *■ 
M„(C) (g) S2 (or to M„(C) (g) C*{J^2)) for some n G N. Then ijj generates a functor : 
Rep 62 ^ Rep 21 (or : Rep C*(J^2) ^ Rep 21) defined as follows: 



F^in) — id® Ti for any tt G Rep 62 (or tt G Rep C*(J-2)), where id is the identity 
representation of M„(C); 

Fjf,{C) = In ® C ii C intertwines representations tti, 7r2 G Rep S2 (or tti, 1^2 G 
Rep C*(JF2)), here J„ is the identity operator on C". 



If the functor F^ is full then the ^-algebra 2t is *-wild. To see that F^, is full one has to check 
that any operator intertwining two representations i^^(7ri), F^{'K2) with tti, 7r2 G Rep 62 (or 
TTi, 7r2 G Rep C*{!F2)) is equal to F^{C), where C is an operator which intertwines tti and 
7r2. In particular, we have that F^{'k), is irreducible iff tt is irreducible, two representations 
F^{t:i), F^{t:2) are unitarily equivalent iff tti and 7:2 are unitarily equivalent. In this case 
we say that the problem of unitary classification of all representations of 21 contains as a 
subproblem the problem of unitary classification of representations of 62 (or C*{J^2))- 

Proposition 2. (a) The *-algebra 23, i(*) — 23, 2(*) = 22. ±(*) is *-wild. 
(h) The ^-algebra 23,3/2(*) is *-wild. 



Proof, (a) Following [KS2, Theorem 6] or |0S2, Theorem 59], define a *-homomorphism 



^ : 22,±(*) ^ Af3(C)®62 by 

^-(91) =(00 I , V(92 
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One can easily check that the generated functor is full, i.e., the ^-algebra Q2,_l(*) = 
Q3,i(*) is *-wild. 

(b) To see that Q3.3/2(*) — M2(C) ★ Af2(C)* is *-wild we define a *-homomorphism 
: M2(C) ★M2(C)* ^ Af2(C) (g) 62 by 

^ f e —a — ib)\ . f e\ ,, , f a + ib —(a + ib)'^ 

V'(eii) = n n ,-0(612)= n n ,"0(621)=' 



y ^0 y''^^"-^^^ \^ e -a-i6) 

where e^j are the matrix units in M2 (C) . We leave it to the reader to check that the functor 
is full, i.e., the *-algebra Q3,3/2(*) ^ M2(C) ★M2(C)* is *-wild. □ 

Note that by Proposition || the ^-algebras Q2.±{*) and Q3,3/2(*) have infinite-dimensional 
irreducible representations. 

Imposing additional conditions on representations, the problem of describing them up to 
unitary equivalence might become easier. For example, representations of 7-'3_i = 7^3_2 and 
P3 3/2 or, equivalently, representations of Q3,i(*) = S3,2(*) = S2,_l(*) and Q3,3/2(*) with 
the condition that the images of qi, i = 1,2,3 are selfadjoint are very simple. There exist 
three non-unitarily equivalent irreducible representations of 7^3,1: Tri{pi) = 1, T^i{pj) = 0, 
* 7^ i, * = 1, 2, 3, on i? = C^. There exists a unique irreducible representation of V3 3/2 on 

f 1 0\ , . f 1/4: 73/4 \ / 1/4 -73/4 

Requiring that images of (71,(72 G Q2,±{*) satisfy the conditions 7r((7i)7r((72) = and 
7r(q2)'''(9i) = we obtain that irreducible representations are one- or two-dimensional and, 
up to unitary equivalence, given by 

(a) n{qi) = ei, n{q2) = £2, £i G {0, l},eie2 = 0; 



(b) 7r(5i) = ( Q Q j , 7r((72) = and 7r((?i) = 0, Tr{q2) = ( q q ) , where o: > 0. 



(4) 



3.3 Representations of Q3,a(*) by unbounded operators 



Since the ^-algebra Q3 \{*) is non-zero only for A £ A3 = A3 m, we have A3 unbd = A3 = 
{0,1,3/2,2,3}. 

Consider unbounded representations of a factor-*-algebra of Q3,i(*) = Q2,±{*), namely, 
Q2.i(*)/«/, where J is the tw-sided *-ideal generated by qiq2 and (72(71- Let tt be a repre- 
sentation of Q2,±{*)/J on a domain D{Tr) C H{Tr) and let 



Ai = n{qiql + 9*91 - ((71 + g*)), A2 = 7r{q2q*2 + 9292 - (92 + ^a))- 

We say that n is well-behaved if Ai and A2 are selfadjoint, Ai, A2 strongly commute 
(i.e., spectral projections of Ai, A2 mutually commute) and D{Tr) — Hi,{Ai, A2), the 
set of bounded vectors for both Ai and A2. For each m G N denote by iJ,„(7r) the set 
Ei^^{{—m,rn))E/^^{{—rn,rn))H{n), where E^.{-) is a resolution of the identity for the self- 
adjoint operator A^. We have I?(7r) = U„ieN^^m(7r). It is easy to see that iJ,„(7r) is reducing 
TT and the subrepresentation T^\Hm(T^) bounded. With the same definition of irreducibility 
and unitary equivalence as in section 2.3 we have 
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Proposition 3. Any irreducible well-behaved representation tt of Q2^_\_{*) / J is hounded and 
given by 

For any well-behaved representation t: on a Hilbert space H{'k) there exist a unique 
decomposition H{tt) =^ Hqq © Hqi ® Hiq © (E) Hi © H2 and projection-valued measures 
dEi(-), dE2{-) on Hi and H2 respectively such that 

Tr{qi)^0-lHoo®0-lH,n®lH,o® (^J q ^ (E) dEi{y) ® ■ Ih^, 

7r(g2) -/hoo ©/h„ ©0 -/ifio ©0 • /ffi ©^ ■l^^^dE2{y), 
where the equalities hold on -D(vr). 

Proof. The first statement follows from the fact that any irreducible representation is 
bounded. The second one follows from Proposition]^. In fact, since 

for any / G ^(Tr) = i/6(Ai, A2), « = 1, 2, it follows that 

EA,{S)7T{q,)f = n{q,)EA,{5)f, EA,iS)7r{q*)f = 7riq*)EA,{S)f, i = 1,2, 

for any Borel 6 and any / e D{tt) (see pSl[| [Theorem 1]). This implies that Ea2{{0})H{tt) 
is reducing tt: H{tt) ^ H^ ® H^, where H^^ Ea2{{0})H{tt), H^ = H^, and tt = vri © tt2, 
where tt, = nlof^^nH' , « = 1, 2. 

Since A2|_ffi — 0, we get that 7ri((72), 7ri(q2) are bounded. Therefore, restricting tti to the 
*-subalgebra C{q2,q2,e \ g| = (72) = we obtain a bounded representation of Qi(*) 

such that the image of 9292 + 9292 — (92 + Q2) is zero. It follows from structure theorem 
for bounded representations of Qi(*) (section 2.2) that 7ri(g2) is an orthoprojection. Using 
the same arguments as before and the fact that 7r(gi)7r((72) = TT{q2)n{qi) = n{ql)TT{q2) = 
7r(g2)7r(g'i) = 0, one obtains that Hi = ker 71(92) is reducing tti, ttI = 7ri|/^i restricted to 
the *-subalgebra C{qi,ql,e \ qf = qi) ~ Qi{*) is a well-behaved representation of Qi{*) in 
the sense given in section 2.3, T^iiqi)\(Hl)^ = Oi ''^ii<l2)\{Hl)^ — I- 

Since the kernel of A2\h^ is {0} and Tr{qi)TT{qj) — 7r(q'i)7r(g*) = 7r(g*)7r(g*) = 0, i 7^ j, we 
obtain 7r2(qi) = T^2{qi) — and 112 restricted to *-subalgebra C{q2,q2,e \ q^ = q-i) = Qi(*) 
is a well-behaved representations of Qi(*). This completes the proof. □ 

Clearly, if the support of the measures dEi(-) and dE2{-) are unbounded, the representation 
TT from the proposition is unbounded. Any well-behaved representation of Q2.± (*)/«/ is a 
representation of Q2,±i*)- 

Remark 3. As for Qi{*) there exists a correspondence between well-behaved representa- 
tions of Q2,±{*)/J and representations of some C*-algebra, namely the C*-algebra ^© .4, 
where A = {f e C([0, 00), M2(C)) | /(O) is diagonal ,\imt^oo f{t) = 0}. Setting qi{t) = 
qit) © 0, q2{t) — © q{t), where q r] A is the element which was defined in Remark ^, 
we obtain that qi, q2 generate ^ © ^ as affiliated elements, there exists a dense domain 
D' C A® A (for example, D' ^ D ® D, where D = {f e A \ supp / is compcat}) such 
that D' is invariant with respect to qi, q* , i = 1,2, D is a core for qi, q* and the rela- 
tions qf = qi, qiq2 = <Z2'Zi — 9i92 = 'Z2<Zi — hold on D' . Moreover, if we let TZ denote 
the set of pairs (7r(qi), 7r(g2)), where tt is a well-behaved representation of Q2.±{*)/J then 
TZ = {p(qi), p{q2) I p is a non-degenerate representation of ^©^}. Here p{qi) is the unique 
extension of the representation p to affiliated elements. 
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Another example of unbounded representations of Q2,±{*) can be derived from Propo- 
sition ^. Namely, let a„ £ M be unbounded sequence of numbers and let 

/ 1 1 a„ \ / -1 -1 \ 

Qi = ®^r=i ] Q2 = (B^=i \ 1 1 

\000/ \000/ 

be operators on the Hilbert space H = ©^li^n, Hn = C^. Qi, Q2 determine a *- 

representation of Q2.±{*) defined on the set of, for example, finite vectors, i.e., vectors 

which arc finite linear combinations of vectors from . 

The similar example of representation can be constructed for the algebra Q3,3/2(*)- 
We are not going to describe unbounded representations of Q2.±{*), Q3,3/2(*)j because 

already the problem of describing all their bounded ^-representations is very complicated. 



4 Representations of algebras Q4 a and *-algebras Q4 a(*) 
4.1 Algebras Q4 ^ and their representations 

For each A G C the algebra Q4^\ is non-zero. To see this we give a concrete example of 
idempotents (71 , (72 , 93 , 94 as operators defined on a linear space X. The construction is a 



generalization of an example given in |BES| 



Let X be a linear space of complex- valued functions defined on C. Consider the operators 
91, 92, 93, 94 e L{X) defined by 

(gi/)(z) = z(/(z) + /(l-z)), 
{q2f)iz) = z{f{z)-f{l-z)), 

(93/)(^) = (A/2 - z)f{z) + (1 - A/2 + z)/(A - 1 - z), 
(94/)(z) = (A/2 - z)f{z) - (1 - A/2 + z)/(A -1-z). 

Simple computation shows that 91+92 + 93 + 94 = A/ and qf = qi, i = 1,2,3,4. This 
representations is infinite dimensional. 

Each algebra Q4_a is infinite dimensional. A linear basis for Q4^\ is constructed in | RS£ ]. 
It was also proved that for A 7^ 2 the algebras are not algebras with the standard polynomial 
identities (PTalgebras), but for any xi,. . . ,2:4 G Qi^2 the following equality holds 

^ (-l)P('^^a;^(i)a;^(2)a;„(3)X^(4) = 
1TGS4 

where p{(j) is the parity of permutation a G 6*4. 

Let Kn.fd be the set of all A € C for which there exists a finite-dimensional representation 
of Qn,x- The set ^.ijd does not cover the whole complex plane, because TrQ G N for any 
idempotent Q in finite-dimensional space and therefore J^njd C Q for any n G N. We have 
the following 

Proposition 4. K^ja = J^iM = {2 ± |, 2 | fc G N}. 

Proof. Direct computation shows that 

Q4,A = C(ri, r2, rg, r4, e | = e; Ylk=i rk = {2 - A)e) = 
= C(a;i,a::2,X3 | {xi,X2} = 2:3, 0:3} = 2:2, {0:2, 2:3} = xi, 
{X-2f{xl+xl+xl + l/Ae)^l), 
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where 



ri = 2gi - e = (2 - X){-xi + X2 + + l/2e), 

r2 = 2g2 - e = (2 - A)(a;i - X2 + X3 + l/2e), , . 

ra = 2g3 - e = (2 - X)ixi + X2 - X3 + l/2e), ^ ' 

r4 = 2(74 — e = (2 — A)(— xi — 0:2 — 2^3 + l/2e). 

If there exists a representation, tt, of C(a;i, X2, X3, e \ {xi, X2} = x^, {xi, X3} = X2, {2:2, 2:^3} — 
xi, (A — 2)^(x^ + X2 + x'^ + l/4e) = 1) by bounded operators in a Hilbert space H, then 

the operators 7r(xi) ® Oi, i — 1,2,3, with ai = ^. 1^^, (^2 = { and CT3 = 

-i 
i 



define a representation of the universal enveloping algebra U{sl{2,C)) of the 



Lie algebra sl{2, C) with an extra condition on the Casimir operator. Namely if we take a 
basis Xi, X2, X3 in sl{2, C) with the Lie bracket defined as 

[Xi,X2] = X3, [X2,X3] - Xi, [X3,Xi] = X2. (6) 

and denote by A the Casimir operator X1+X2 + X^ in U {sl{2, C)) then p{Xi) = 7r(a;i) ® ai 
is a representation of C/(s/(2,C)) so that (A - 2)2p(A) = (A - 2)^/4 - /. In the Hilbert 
space H ® one can choose an equivalent scalar product so that the operators p{Xi) 
are skew-selfadjoint and p is a ^-representation of the corresponding ^-algebra defined by 
the condition X* = —Xi, i = 1,2,3 (a ^-representation of the Lie algebra su{2)) It is 
known that ^-representations of the *-algebra such that the image of the Casimir operator 
equals (1/4 - 1/(A - 2)^) exist if and only if A e {2 ± |, 2 | fc e N}. This implies that 
A„,/dCA„,MC{2±f,2|fceN}. 

To see the other inclusion, note that for any Ae{2±|,2|fceN} there exists a finite- 
dimensional representation, tt, of U{sl{2, C)). Then p{xi) — TT{Xi) ^ ai, i — 1, 2, 3, define a 
finite-dimensional representation of C{xi, X2, x^, e \ {xi,X2} = X3, {xi, x^} = X2, {x2,X3} = 
xi, (A — 2)^(a;f + x^ + x^ + l/4e) = 1) and therefore Q4,a- The proof is complete. □ 



Proposition 5. Any finite- dimensional representation of Qi.x, A G A4.f,(i\{2} is equivalent 
to a * -representation ofVi.x- 

Proof. Let tt be a finite-dimensional representation of Q4.A, A G A4_f,d \ {2}, on a vector 
space Vtt- The procedure is to find a scalar product, (•,-)7r (a non-degenerate positive- 
definite hermitian form) such that 

(7r(gi)(/?, 'ip)^ = {ip, Tr{qi)ip)^, V 93, '0 S K, i = 1, 2, 3, 4, 

or, equivalently, 

{TT{xi)ip, -i/;)^ = {(fi, TTixi)^;)^, V ■(/' e K, « = 1, 2, 3, 

for the generators Xi defined by (^). 

Having the representation tt we can define a representation p of U{sl{2,C) on H{p) = 
V^i^C'^ by setting = TT{xi)(E)ai, i = 1,2, 3 for the generators oi U{sl{2,C) satisfying 

relations (^. It is known that p is unitarizable, i.e., there exists a scalar product (•, ■)p on 
H{p) such that ■0)p = ~{if,p{Xi)i:)p. 

Define a new representation tt of Qa.\ on the Hilbert space H{p) (g) by Tt{xi) = 
p{Xi) (g ai, i = 1,2,3. The scalar product, (•,•)* on H{p) (g) is defined on elementary 
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tensors as {tpi ® ipi,(p2 ® "02)* = i'Pi,^2)pi'4'ii^2)c^, for any ipi € H{p), ipi e C^, where 
(•, ■)c2 is the standard scalar product on C^. Let ei, 62 be the standard basis vectors (1, 0) 
and (0, 1) respectively in C^. For (p,ip E Vtt define 

{(p, V')7r = (((yS ® ei) (g) 62 + ("^ (8) 62) 61, {ip Ci) (g) 62 + (V" <8) 62) ei)#. 

It is easy to see that (•,-)7r is a scalar product on Vtt- Moreover, (Tr{xi)ip,ip) = {if,Tr{xi)ip) 
for any {p, tp G T4, i = 1,2,3. We restrict ourselves by showing the last formula for the 
generator xi. 

{TT{xi)ip,1p)^ = 

= {{T:{xi)ip ® ei) (g) 62 + (7r(a;i)i^ ® 62) <Si 61, (V' ® 61) (g) 62 + 62) ® 6i)# = 
= -((7r(a;i) §5 CTi)((y5 ® 62) criei + {n{xi) (g) cri)(i^ (g) ei) ® 0-162, 
(lA <8i 61) (g) 62 + 62) (8) 6i)# = 
= -{{p{Xi) (g) cri)((9? (8) 61) (g) 62 + (Xi 62) (g) 61), (-0 ei) (g) 62 + (-0 fg 62) (g 6i)# = 

= g) 61) (g 62 + (g 62) g) 61, (p(^l) (g O-l)((0 g) ei) (g 62 + (-0 (g 62) (g 61))^: = 

= -{{(f g) 61) ® 62 + (l^ g) 62) g) 61, 
(7r(a;i) g) o-i)('0 g) 62) g) cri6i + {Tr{xi) g) cri)(V' g) 61) ® cri62)if = 
= {{if g) 61) g) 62 + g) 62) g) 61, (7r(a::i)'0 g) 61) g) 62 + (7r(a;i)V' ® 62) ® 6i)# = 

= ((p, 7r(a;i)0)7r. 

The proof is complete. □ 

As it follows from the previous proposition finite-dimensional indecomposable representa- 
tions of Q4,A coincide with irreducible ^-representations of the *-algebra 7^4, a, A 7^ 2. For 
A = 1 -I- 2/ {2k + 1) indecomposable representation of Q4,\ is unique, up to equivalence, and 
acts in a (2fe-|-l)-dimensional vector space. If A = l-|-2/(2fc-|-2), there are four non-equivalent 



representations of Q4,a acting on (A; -I- l)-dimensional space (see [|0S2[ [Section 2.2.1]). The 



algebra Q4,2 is wild and the problem of describing of its indecomposable representations is 



very complicated, [Bo|. 



4.2 *-Algebras Q4,a(*) and their representations by bounded oper- 
ators 

Proposition 6. For A G Aam the ^-algebra Q4,.x{*) is *-wild. 

Proof. That Q4.a(*) is *-wild for A = 1,2 follows from Proposition |[ Assume now that 
A e A4,M \ {1, 2}. Define p ^ {qi + q2)/2, q = {qa + qi)/2, r = {qi - q2)/2, s ^ {qz - qi)/2. 
Direct computation shows that (54. a(*) is generated by p, q, r, s and their adjoint and the 
relations 



pr = r(l-p), ps^s{l-q), 
r^=p{l-p), s^=^q{l-q), 

p + q = A/26 



(7) 



From the relation it follows that ps ~ s( — 1 + X — p) and = (A/2 ~ p){l — A/2 + p). To 
prove the statement we will construct a *-homomorphism : Q4,a(*) Mn{C) (E) C*{T2) 
(~ Mn{C* {T2)) for some n G N depending on A. 
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1. Let A = 2 + 1/(2/), I > 0. Let E„ 



( ' 
V 



\ 



where e is the identity in 



Let Js 



n times 




/ e 

e 



V 



2e 




\ 





3e y 



A2 = ^ 




A3 = ^E^ — A{A\ — A2A2, where ui, U2 are the free unitary generators of C*{J^2), N is 
chosen so that \\AIAi+A^A2\\m^{C'{j^2)) < 1 (I|-||m5(c*(^2)) is the C*-norm on M5(C*(:F2)). 
Define a *-honiomorphism ip : Q4,a(*) — > Mi2.2i{C* {J^2)) as follows: 

V'(p) = (im5(Ao-E'i2, Ai£'i2, . . . , A2i-i-E'i2), 
^(r) = diag{0 ■ Ei2,Ri,R2, ■■■ , Ri-i, J3JI - 1/2), 
■0(5) = diag{So, Si,... , Si-i), 



where A2/C = 1 



Sk = 



2I' ^^'^-^ -2r^'- 





-El 2 




(^-A2,)(l-^ + A2fc)^12 





^2k-1^2kEi2 





(A; ^ Z - 1), 







si-i = diag{xiE4,X2E3,X3E5), s' ^ = ^^5(1/1 £4, 2/2-^3, 1/3-^5), 

•^i) ?/i are real numbers such that Xi ^ xj, yi ^ yj for j and a;iyi = (4/^ - 1)/16Z^. 

It is a routine to check the functor is full and we leave it to the reader. The 
construction is similar for A = 2 — 1/2/, / € N: there exists a *-homomorphism tj: : 

k 

Q4,a(*) Mi2.2i{C* {T2)) with V'(p) = diag{XoEi2,XiEi2, . . . ,X2i-iEi2), where A2fe = — , 
A2fc-1 = 1 ~ ^■ 

2. Let A = 2 + 2/(2/ + 1), / > 0. Define V : Q4,a(*) Mi2(2i+i)(C*(JP2)) as follows: 



ip{p) = diag{XiEi2,X2Ei2, ... , X21+1E12), 
tp{r) = diag{0-Ei2,Ri,R2,--- ,Ri-i,Ri), 
i}{s)=diag{SuS2,... ,SuQ-Eu), 

where A2. = A2.,r = 1 - i., = ( Jj^ ^-^--^^^ ) ' ^ 1)' 

^( (2J3J3* - l)yA^ \ 

' ^ (2J3J3* - 1)v/A^ ] ' 

5fc = f " " ^^'^-^^^^ ^ + A2fe-i)i5i2 \ ^ 1^2), Sk = ( ) , (fc = 1,2), 
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with 

Sk = dtag{x'lE4,x^E3,x';E5), = diagiy'^Ei^y^E^^y^E^) 
, yf are real numbers such that x^ ^ Xj, yf ^ y'- for i ^ j and xfyf = (f — A2fc_i)(l — 

^ + A2A;-l). 

One can check that the functor is full. The construction is similar for A = 2— 2/(2/+l), 
I E N. In this case there exists a *-homomorphism ip : Q^.x ^ -^^i2(2i+i) (C'*(-^2)) with 

2k 2k 

ijj{p) = diag{\iEi2, X2E12, ■ ■■ , \2i+iEi2), where A2fc = 1 - 21 + 1 ' '^^fe+i = 21 + 1 ' 
3. Let A = 2 + 1/(2/ + 1), / > 0. Define V : Q4,a(*) Mi2(2/+i)(C*(-?^2)) as follows: 



V'(p) = diag{XiEi2,X2Ei2, ... , X21+1E12), 
TP{r) = diag[0- Ei2,Ri,R2,. . . 
i/iCs) = diag{Si, S2,... , 5/, J3 J| - 1/2), 

where A2fe = A2,+i = 1 - i?, = JJ^ A2feA2.+ii?i2 ^ ^ ^ 

r' \ 

1^ j with r; = dia5r(a;iS4,a;2-E3,a;3£:5), r'^ ^ diag{yiE4,y2E3, ysE^), where Xi, yi 
are real numbers such that Xi 7^ x^, 7^ for i 7^ j and Xiyi = ^^^^^ (1 — 2i^j:T)- 



^ I (- - A2fe-l)(l - + A2fe-l)-Bl2 

£^12 



The functor is full. The construction is similar for A = 2 — 2/(2/ + 1), / G N. 
In this case there exists a *-homomorphism i/j : Q4^\ -^i2(2i+i)(C'*(-^2)) with ip{p) = 

k k 

diag{XiEi2,X2Ei2,... ,A2i+i£^i2), where A2fe = 1 - 2I + 1 ' ^'^''^'^ ^ 21 + 1 ' 

□ 

The problem of classification of all representations of Q4.\{*), X G A4,m is very difficult as 
it follows from Proposition]^. However, if we restrict ourself to representations such that the 
images of the generators qi, i = 1, 2, 3, 4 are selfadjoint, this problem reduces to the problem 
of describing representations of the *-algebra C(xi, a;2, X3, e | {xi,X2} = a;3,{a;i,X3} = 
X2, {2:2, 2:3} — xi, {X — 2)'^{xl + X2 + xl + 1/4:6) = 1, x* = Xi), A 7^ 2, a factor *-algebra of the 
graded analogue of the Lie algebra so(3) (see section 4.1). Representations of the graded 
so(3) are classified in | ]GoP |, see also [DS2|. According to this result there exists a unique. 



up to unitary equivalence, irreducible representation of Vi.x for A = 1 + 2/(2fc + 1), acting 
in a (2k + l)-dimensional vector space and there are four non-equivalent representations of 
7^4. A acting on (fc+ l)-dimensional space if A = l + 2/(2fc + 2). If A = 2, 'P4^2 has uncountable 
set of irreducible unitarily non-equivalent representations which are one or two-dimensional 



(see [PS2| [Section 2.2.1]). 



4.3 Representations of Q4,a(*) by unbounded operators 

As we already know, for each A G C the algebra Q4^\ and therefore Q4^\{*) is non-zero. 
Representations of Q4^\ or Q4,a(*) by bounded operators on a Hilbert space exist, however, 
not for all A G C (see Proposition 0). 



13 



Proposition 7. A 



4,unbd 



Proof. In order to prove the statement it is enough for each A e C to give a concrete 
construction of unbounded representation of Q4.a(*)- We follow | EISS| |. 



Let (/?(•), i^i') be the following idempotent matrix-functions from C to Af2(C): 

r;).«o^(_\ iif 

Consider a sequence of complex numbers Xj = j{X/2 — 1), j e N. Let H — I2 and fix an 
orthonormal basis, {e^, i e N} in H. Define operators Qi, Qf on the set, of finite vectors, 
i.e. finite linear combinations of e.;, so that their matrix representations with respect to this 
fixed basis are given by 

Qi = diag{Lp{xi), (p{x3), (p{x5), ...}, 

Q2 = diag{tp{xi),ip{x3),ip{x5), ...}, 
Q3 ^ diag{l, (p{x2), ^{xi), (p{xe), ...}, 
Qi = diag{l, Tp{x2), 'ip{xi),ij{x6), ■ ■ ■}, 



Q]^ = diag{(p{xi)*,(p{x3)*,Lp{x5y, ...}, 
Qt = diag{ip{xi)* ,tlj{x3)* ,ip{x5)* , ...}, 
Qt = d.iag{l,(p{x2y,f(x4)*,(p{xe)*, ...}, 
Qj = diag{l,ifj{x2)*,tp{x4)*,tp{xe)*, ...}, 



where A* is the adjoint matrix to the matrix A. Clearly, $ is invariant with respect to 
Qii Qt , i = li2,3,4. Moreover, direct calculation shows that Qf = Qi, {Qt)"^ = Qt ^ 
Et=iQ^ = ELiQt = A/. Setting 7r(g0 = Q„ 7r(g*) = g+, D{7t) = and then 
extending vr to the whole algebra Q4.\{*) we obtain a *-representation of Qi.xi*)- □ 

We remark that the construction given in the proof can be derived from one given in 
section 4.1. 

In the same way as we obtained, in sections 4.1, 4.2, some bounded representations 
of Qi^x and Q4,a(*) from representations and, respectively, unitary representations of the 
compact group SU{2) (or representations of the corresponding Lie algebra), unbounded 
representations of Q4.A and Q4,a(*) can be obtained from representations and, respectively, 
unitary representations of the Lie group S'L(2,M). 

Let A 7^ 2 and let C/(sZ(2,C)) be the universal enveloping algebra of sZ(2,C) with the 
basis Xi, X2, X3 and the relations 

[Xi,X2] = X3, [X2,X3] = Xi, [X3,Xi] = X2. (8) 

Denote by A the Casimir operator X^ + X^ + X|. In the algebra U{sl{2,C)) (g) M2(C) 
consider the elements xi — Xii^ ( ^. t ] , X2 — X2'S) ( ^ ] , X3 — X3ig) 
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It is easy to check that they satisfy the relations {xi, X2} = X3, {x2, X3} — xi, {x^, xi} = X2- 
We set 

Ql = —^(-^1 +X2+ X3) + -, 

^-2^ ^ A 

Q2 = ^:;—[Xl-X2 + X3) + -, 
Q3 = —^(Xl +X2- X3) + -, 
Q-i = - X2- X3) + -. 

Then, Qi + Q2 + Q3 + 04 = A/. Moreover, Qi, i — 1,2, 3, 4, are idempotents iff 

1 1 



A = xf + x 



(A -2)2 



It follows from the representation theory for sl{2,C) that for any A S C there exists a 
representation of U{sl{2,C)) such that the range of the Casimir operator is (| — jxZ2)^)I 
(see 0). Namely, let x — where I is a complex number and e G {0, 1/2}. With each 

such pair x associate a space 

= {/ e I />) = |x|^'(s5nx)2-/(i) e C°°(M)}. 

Consider now representations of S'i(2,R) on I?^ given by 

T^{g)!{x) = |/3a; + bf' sgn^^Hx + 

where .g = ^ ^ G 5*^(2, M) (sec [ GGV| , ^). The infinitesimal operators of these 

representations are 

Ar^2lx+{\^x')±, 
A2 = -2/x+(l + x2)A, 

^3 = 2?-2x£. 

They satisfy the relations = -2yl3, A2A3-A3A2 = -2Ai, A3A1-A1A2 = 2A2. 

Let Xi = iAi/2, X2 = A2/2, X3 = -^^3/2. Then Xi, X2, X3 satisfy (|) on with 
A = + X| + X| = -/(/ + 1). Obviously, a solution I e C of 1/(A - 2)^ - 1/4 = l{l + 1) 
exists for any A e C. Therefore there exist linear operators Qi, O2, Q3, Qi on such 
that Oi + O2 + O3 + O4 = A/ and 0| = Oi- We have the following expressions for Qi, 
i = 1,2,3,4: 

^ _ A-2 / -A3 A,+A2\ X A-2 / -A3 ~Ai-A2\ X 

4 \ A1-A2 A3 y + 4 ' 4 ^ A2 - A3 y ^ 4 ' 

^ A - 2 / A3 A2 - Ai \ A A - 2 ^ A3 Ai - A2 ^ , A 

O3 = — A A A + T' O4 



-Ai - A2 -A3 / 4 4 V Ai + A2 -A3 y 4 ■ 

The operators Qi, i — 1, 2, 3, 4 define a representation of Q4_a on (g) C^. 
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It is known that for some values of x one can introduce a scalar product (•, •) in 
which is invariant with respect to the representation T-^, i.e., {(p,tp) = {Ty-{g)ip,T^{g)'ip), 
tf.'il^ ^ D^. The completion of with respect to the norm WtpW^ = {ip,(p) gives us a 
Hilbert space and the continuous extension of to gives a unitary representation 
of SL{2,'R). In this case the infinitesimal operators of T-^ will be skew-selfadjoint, i.e. 
(AX)* = -AX. 

Recall that I?^ possesses an invariant scalar product in the following cases: 

a.) I = -1/2 + ip, p £ R, e £ {0, 1/2} and X = 2 + is, s £ R, s ^ 0, the corresponding 
representation is called a representation of the principal series; 

h) -1 < I < 0, I ^ -1/2, e = and A £ (-cx3,0) U (4, +oo), the corresponding 
representation is called a representation of a supplementary series. 

For I £ iZ, I < —1 and e satisfying the condition I + e £ Z the corresponding space 
has two subspaces F^^ , Fj~ which are invariant with respect to the operators T^{g). It is not 
possible to introduce an invariant scalar product on D^, but it is possible to do it on each 
of these subspaces. The corresponding subrepresentations of are called representations 
of the discrete series. In this case A takes values 2 ± |, fc e N. 

Taking the infinitesimal representation of a unitary representation of SL(2,R) in a 
Hilbert space H we define the (unbounded) operators Qi, i = 1, 2, 3, 4 on © 7J as above. 
These operators are densely defined and clearly, there exist a dense invariant domain D 
such that the the equalities {Qi + Q2 + Qs + Qi)^ = Xip, Q^f = Qi(f> hold for any Lp £ D. 
Moreover, if A is real then Ql ^ Q3, Q2 ^ Qi- 



4.3.1 Unbounded idempotents the sum of which is zero 

The rest of the section is devoted to a detailed discussion of unbounded representations of 



Q4 o(*). Note that idempotents whose sum is zero were studied in |BES] in connection with 
their investigation of the concept of logarithmic residues in Banach algebras. We will study 
representations of Q4,o(*) under some additional conditions which will allow us to classify 
them up to unitary equivalence. 

Having these unbounded representations we construct a C*-algebra 2t and unbounded 
elements (71,92, qs, 94 which are affiliated with 21 such that any non-degenerate representation 
of 21 extended to its affiliated elements gives us an integrable representation of Q4.q{*) 
defined below. Moreover, any integrable representation with some extra condition can be 
obtained this way. 

1. Hilbert space level. 

Consider new generators in Q4,o(*) given by p — (qi + q2)/2, q = (93 + q4)/2, r — 
{qi — 92)/2, s = (93 — qii)/2 and their adjoint. Direct computation shows that relations 
91 + 92 + 93 + 94 = 0, 9^ = (7i, i = 1, . . . ,4, are equivalent to the following ones: 

pr = r(l-p), ps = s(-l-p), 

r^=p(l— p), — —p{p -\- 1) . ^ ' 

Let ^4_o be the quotient of Q4,o(*) by the two-sided >i=-ideal generated by the elements 
pr* — rp, ps* — sp and p — p* . So we have additional relations in A^^, namely, 

pr* — rp, ps* — sp, p = p* . (11) 

In what follows we will study representations of ^4,0- Obviously, any *-representation of 
Aifi is a representation of Q4,o(*)- 
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Henceforth, Ha{Ai, . . . , A„) will denote the set of joint analytic vectors for selfadjoint 
operators Ai, . . . , An (see |^). Also, a linear set $ will be called a core for a closed operator 
A if <f> C D{A) and the closure of the operator A restricted to the domain $ is equal A. 

Definition 1. We say that closed operators (p = p* , q ~ q* , r, s, r* , s* ) is a representation 
of commutation relations (|lO|) — ( pi] ) on a Hilbert space H if there exists a linear dense subset 
$ C i? such that 

1- $ C Ha{p,q,r*r,s*s); 

2. $ is a core for the operators r, r* , s and s* ; 

3. relations - hold on $. 

A family {Aj \ j G J} of closed unbounded operators on a Hilbert space H is called 
irreducible if decomposition Aj = Bj © Cj for all j G J with respect to an orthogonal direct 
sum H = Hi® H2 is only possible when cither Hi ~ {0} or H2 = {0}, or equivalently if 

{C e B{H) I CAj C AjC and C*Aj C AjC\j e J} = CI. 

These and other definitions and facts from the general theory of unbounded representations 
of algebras and relations can be found, for example, in 

Remark 4. The operators p — p* , q — q* , r, s, r* , s* satisfying the conditions of Def- 
inition |l| define a representation, tt, of .44.0 and Q4,o(*) on the domain $ in the sense 
of definition given section 2.3. This domain is not unique and therefore there are many 
^-representations of Aifl corresponding to the closed operators p = p* , q = q* , r, s, r* , 
s* . Among them there is a unique selfadjoint representation tt*. This representation is 
irreducible iff the family of the closed operators is irreducible, two such representations are 
unitarily equivalent iff the corresponding families of closed operators are unitarily equivalent 
(see Remark 

In what follows we mean these selfadjoint representations when we talk about integrable 
representation of the *-algebra ^4,0- 

Let Ox be the trajectory of the point x with respect to the mappings Fi{x) = 1 — x, 
F2{x) = -l-x, i.e.. Ox = {F,, . . . F,„ {x) \ lu € {1, 2}, n e N} = {(-l)"(x- n), (-l)"(-x - 
n) I n e NU {0}}. 

Let 0+ = {i^,, ...Fi(0) I ik e {l,2},n e N} = {{-if+^k | fc e N} and O^ = 
{F,, . . . F2(0) e {1, 2}, n e N} = {{-ifk | fc e N}. 

Denote by hiK) the separable Hilbert space with the orthonormal basis {e^j^gx 

Theorem 1. Any irreducible integrable representation tt of the ^-algebra -44. in a Hilbert 
space H such that kerp 7^ {0} is unitarily equivalent to one of the following: 
I.H^ hiOx) 



where A G (-1/2, 1/2) \ {0}. 



pep 
seu. 



(1 - Ai)ei-p 
-(1 + A*)e-i-p 



(12) 
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//. H = /2(Ol/2) 



pep = ^e^ 



aei/2 = 1/2 (13) 



-(l + ^)e_i_ 



where a = ±1/2, s = ±1. 

///. H = /2(0-l/2) 



pe^ = fie^ 
qe^ = -^e^ 

re^ = (l-^)ei_p (14) 



ae_i/2 = -1/2 

-(l + /i)e_i_p Ai7^-l/2 



where a — ±1/2, s = ±1. 
IV.H = l2iOo) 



(l-M)ei-p (15) 

M = -1 

-(l + /i)e_i_p 



y. i7 = /2(Oo+) 



qe^ = -/ie^ 



se^ = -(l + /i)e_i_p 



= 1 (16) 



Proof. Let p, 5, r, s be closed operators satisfying the conditions (1) — (3) of Definition 
Ep(-) the resolution of the identity for the selfadjoint operator p and r = Uj-I'^l, s = Us\s\ 
the polar decompositions of the closed operators r, s. Here \r\ = (r*r)^/^, \s\ = (s*s)^/^, 



kerur = kerr = ker \r\ and kerug = kers = ker |s|. By |0S2|, we conclude that 

p, \r\ and p, \s\ commute strongly, 

(i.e. in the sense of resolutions of the identities) 

Ep{A)ur = UrEp{l - A), Ep{A)us = UsEp{-l - A), VA e »(M). (17) 

Here 58(]R) is the Borel cr-algebra on R. Assume first that kerp(l — p)(l + p) ~ {0}. 
Since r^(/3 = p(l ~ p)(p and s^t/? = — p(l + J5)(p, S ^ "we have that kerr C kerr'^ — {0}, 
kers C kers^ = {0} and Ur, Ug are unitary operators. The equality pr*ip = rp(p gives 
pr*rip = r^(l — p)ip which implies \r\ — \1 — p\. From ( p7[ ) one can easily derive that 
UrV{\l-p\) G vl\p\) and 

|p|u,^ = u,|l-p|iA, i;eV{\l~p\)^V{p). 
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From r^Lp = p{\ — p)ip we have Ur|r|r(/? — p[l — p)ip for any ip E ^ and, since rip G 'Dip), 
\p\u'l\l~p\if = p(l—p)ip> and = sgn(p(l— p)). Setting ui = sgn(j})ur, we get r = p). 
Similarly, |s| ~ |1 +p\, = sgn(— p(l + p)) and s = — 1x2(1 +p), where U2 = sgn(p)us. 

It follows from ( p7| ) that if A G 05 (R) is invariant with respect to the mappings Fi{\) = 
1 — A, F2(A) = — 1 — A then Ep{A) commutes with p, r, s, r* , s* in the sense Ep{A)T C 
TEp{A) for T = p,q,r, s,r* , s* . Therefore, if [p, q, r, s, r* , s*) is irreducible then 
Ep{A) = cl, where c = 0, 1. One can easily check that the set r = [—1/2,1/2] intersects 
every trajectory Ox exactly in one points which implies that the spectral measure Ep(-) is 
concentrated on an orbit 0\ for some A G [—1/2, 1/2] if the representation is irreducible. 
Searching irreducible representation we can assume now that the representation space H is 
a direct sum (B^^OxH^n where is an eigenspace of p corresponding to the eigenvalue /x. 

If A 7^ 0, ±1/2 one can easily check that the linear span of the vectors {ui^ . . . Ui^e \ ii G 
{r, s}, k G NU{0}}, where e G Hx, is invariant with respect to the operators p, q, r, s, r*, s* 
and moreover the operators restricted to the closure of this subspace define an irreducible 
representation which is given by formulae ([l^) . 

If A = 1/2 then Uri?i/2 C -ffi/2- It is not difficult to see that, given an irreducible 
representation, the operator Ur has an eigenvector e G -ffi/2 and the vectors {u^j^ . . . u^Uge \ 
ik E r,s,k £ NU{0}} build a basis of the representation space The corresponding irreducible 
representation is given by (p^. 

Representations related to the orbit 0_i/2 can be obtained in a similar way. Note that 
there is no representation related with the trajectory Oq such that kerp(l — p)(l +p) = {0}. 

If ker(l — p){l + p) ^ {0} and kerp = {0} then using the same arguments one can show 
that r*r = \l-p\ s*s = \l+p\, ul = sgn(p(l-p)), ul = sgn(-p(l+p)) and <|fcer(i-p) = 0, 
u*s\ker(i+p) = 0. Morcover Wi = ®keNUs{urUs)'' keril - p) ® ©fceN(urUs)'' ker(l - p) and 
W2 = (BkeNUriugUr)'' keT{l +p)(B ker(l + p) are invariant with respect to the 

operators p, q, r, s, r* , s* and the corresponding irreducible representation are given by 
( p^ and (|l^) respectively. 

Clearly, Wi _L W2 and any representation space H can be decomposed into a direct sum 
of invariant with respect to the representation subspaces, namely, H = Wi ® W2 ® W3, 
where W3 — (Wi ® W2)^. Moreover, if kerp = {0}, we obtain kerp(l —p){l +p)\w3 — {0}. 
Setting ui — sgn{p)ur on (ker(l — p))-^, U2 — Bgx\{p)us on (ker(l +p))^ and extending them 
to ker(l — p) and ker(l +p) in a way that ui, U2 are unitary and satisfying ([l7| ) we get that 
the operators^ = ppi, q = qpi, f = ui(l—p)pi, s — —U2{l+p)pi, where pi is the projection 
onto Wi, define a representation of A4fi on Wi, and p = pp2, q — qp2 f = ui(l — p)p2, 
s — —^2(1 + p)P2j where P2 is the projection onto W2, define a representation of ^4^0 on 
W2. Moreover, any representation on Wi and W2 can be obtained this way. The proof is 
finished. □ 

2. C* -algebra level 

In the sequel, we use the following notation. The set of multiplier of a C*-algebra A 
is denoted by M{A). The notation Tr/A means T is affiliated with the algebra A and zt 
denotes its z-transform. We write Mor{A, B) for the set of morphisms from A to another 
C*-algebra B. For the definition and facts related to these notions we refer the reader to 
|W1|. 

It follows from the proof of Theorem |l| that any representation (p, q, r, s) in a Hilbert 
space H provided kerp = {0} is of the form: a — ® a? ® , where a G {p, q, r, s, r*, s*}, 
a* are operators on Wi , i — 1,2,3 described in the proof. Moreover, p^ ~ (p^)* , 1^ — 
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ker(l = {0}, Sp{p^) C 0+, Sp{p^) C , = 1^1(1 -p^), = -u\{l 

where u\ are unitary operators such that 

{v\f = 1, {u\f = 1, (ui)Vwl = 1 - p', {u\)*pu\ ^~l-p\ 1,2,3. (18) 

Our aim now is to define a C*-algebra 21 generated by selfadjoint element p = p* and unitary 
elements ui, U2 satisfying (|l^) and afhliated with 21. Namely, we look for C*-algebra with 
the following universal property: for any C*-algebra 21' and any Ui, U2, P ij such that 
Ui, U2 arc unitary, P is selfadjoint and U^PUi = l-P, U^PU2 = -I - P, = I, = 1, 
there exists unique $ e Mor'(2l, 2t') such that = C/i, <i>(M2) = U2, = P- 

Let 21 = Coo(R) Xa (^2 X Z2), where Coo(R) is the algebra of all continuous, vanishing 
at infinity functions on M. The action a of Z2 x Z2 on Coo(K) is defined by 

i9fm = .fi90, 

where the action on the real line M is given by 

for the generators gi € Z2, 52 S Z2. 

Then there exist unitary operators ui, M2 G Af(2t) such that 

u*ifui = gi/, U2fu2 = .92/, = 1, uj^ 1. 

Let now p be the function defined by p(^) = ^ for all ^ S R. Clearly, p rj Coo(R), (1 — 
p) r] Coo(K), i-l-p) Coo(M) and since the embedding Coo(R) Coo(R) x^ (Z2 x Z2) is 
in Mor(Coo(R), 2t) we have p, (1 — p), (—1 — p) 77 2t and w^^pwi = gip, U2PU2 = g2P- 
Clearly, 2t possesses the universality property defined above. 

Proposition 8. The elements r = ui(l—p), s = — M2(1+p) o,re affiliated with 21. Moreover, 
there is a dense domain, D, of % such that relations hold on D. 



Proof. The first statement follows from |W1, Example 2] and the fact that mi, U2 G A/(2l) 



are invertible and (1 — p), (1 + p) 21. In this case D(r) = D{s) = D{p). One can easily 
check also that the relations hold on D{p^) which is dense in 21. □ 



By [W2 1 [Theorem 3.3], the affiliated elements p, q, r, s generate the C*-algebra 21: for 
any Hilbert space H, any C*-subalgebra, B, of B{H) and any non-degenerate representation 
TT of 21 on iJ we have ^{Xi) rj B for Xi = p, q, r, s implies tt e Afor(2l, B). 

We see also that any representation of 21 generates a representation of A^fl satisfying 
the conditions of Definition |l|. Moreover, any such irreducible representation is unitarily 
equivalent either to one from Theorem ^or to onc-dimcnsional zero representation tt{x) — 0, 
X — p, q, r, s. Conversely, for any representation P, Q, R, S, R*, S* of Ai_o defined in 
Definition ^ and such that kerP = {0} there exists a representation tt of 2t having the 
property X ^ n{x), {X,x) = (P^p), {Q, q), {R,r), {S, s){R* ,r*), {S* , s*), where tt{x) is the 
unique extension of tt to the affiliated elements. 

One can also define idempotents gi, q2, 93, 94 with the zero sum in a way that all of 



them are affiliated with 21. Further we will use the following statement from |W1| 



d ~c* 

Let A be a C*-algebra; a, b, c, d E M{A) and Q — [ * ) • Assume that (1) 



b a* 

ab = cd, (2) a* A is dense in A, (3) dA is dense in A, (4) Q{A(B A) is dense in A® A. Then 
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there exists T r/ A such that 1. dA is a core for T and Tdx = bx for any x £ A. 2. For any 
x,y& A 

xe D{T) and 
y^Tx 

If Q is invertible then D{T) = dA. 

Using this statement we prove the following 



<^ {ay = cx) 



Proposition 9. There exists elements qi, q2, qs, q^ rj ^ and a dense domain D such that D 
is invariant with respect to qi, q* , D is a core for any qi and q* and the relations X]i=i 1i ~ 

J2t=i 1i = '^'^'^ ~ 1i' ili)'^ = ?!* f^'^^'^ Moreover, qix = px rx, q2X = pa; — rx, 

q^x — —px + sx, q^x ~ —px — sx for any x Cz D. 

Proof. First we will prove the existence of qi . Let 

a = d^{l- zlfl\\ - zl_^fl\ b = c^ z,{l zl_^fl^ + ^.lZl_,(l - z^)!/^ 
Then, clearly, ah — cd and a*2l = rf2l is dense in 2t. We have also 



d*d + b*b, 
0, CO* + , 



We state that Q* (3(21 21) is dense in 21 ® 21. It is en ough to see that {d*d + 6*6)21 and 
(cc* + aa*)2l are dense in 21. Assume that {d*d + 6*6)21 ^ 21. Then there exists a pure state 
w on 21 such that w{{d*d + b*b)x) = for any a: S 2t. Let tt be the GNS representation of 
21 acting on a Hilbert space 11,^ and g iJ^r be the corresponding cyclic vector such that 

w{x) — (ri, TT{x)fl) 

for any a; S 2t. This gives that the range R{TT{d)*TT{d) + 7r(6)7r(6)*) belongs to the set 
{(fi € I (O, (/s) = 0}. Since the operators TT{d)*TT{d) and 7r(6)7r(6)* are positive and 
commute with each other, we have that il G ker7r(6)7r(6)* n ker 7r((i)*7r((i). This contra- 
dicts the statement that (i2t is dense in 21. Using the same arguments one can show that 
(cc* + aa* )2l = 21. The statement about density of (3(21 ©21) can be easily derived from the 
density ofQ*Q{A® A). 

Let (ji 21 be the operator from the previous statement. Then (i2l is a core for qi and 
qix = px + rx for any x £ c?2l. Similarly, we can construct 77 21, i = 2, 3, 4 such that (i2l 
is a core for q2, q2X — px — rx for any x £ (i2l and (i'2l := (1 — Zp)^/^(1 — z^_|_p)^/^2t is a 
core for q^ and ^4, q^x = —px + sa;, qiX = —px — sx for any x £ d'%. Set D = D{p^). Then 
D = d'Ql — (i'2l and is a core for all idempotents qi, q2, qs, (74. Moreover, the relations 
qi+ q2+ 93 + 94 = 0, qf (7j hold on D. □ 



Remark 5. It was proved in | BES that Q4_o and therefore Q4,o(*) is not trivially i?- 
representable, i.e., there exists no non-trivial isomorphism of Q4.0 into a subalgebra of a 
Banach algebra and respectively *-isomorphism of Q4,o(*) into a *-subalgebra of an invo- 
lutive Banach algebra . We have shown that there exist a (7*-algebra 2t and unbounded 
elements qi, q2, 93, 94 which are affiliated with 21 and such that qi+q2 + q3 + q4 — 0, qf = qi, 
91 + 92 + 93 + 94 — and (9,*)^ = 9* on a dense invariant domain of 2t. 
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3. Again representations 

Next result shows that the class of unbounded representations of A4fi satisfying the 
conditions of Definition ^ is *-wild (see Q for the definition of *-wild unbounded represen- 
tations). 

Proposition 10. The class of integrable representations of Ai^ is *-wild. 

Proof. Let a, /3 > and let 62 be the *-algebra generated by selfadjoint elements a and b. 
Consider the set of all representations it of ©2 such that ||7r(a)|| < a, ||7r(6)|| < (3. Denote 
by 21q^/3 the completion of &2/{z : |||2;||| = 0} under |||z||| — sup{\\p{z)\\; p G 9^}. 

Let H be a separable infinite dimensional Hilbert space with an orthonormal basis 
{Gk\keZi let Pfe be the orthoprojection onto C{ek), fc G Z. We consider operators v, w 
defined by vck = efc+i, vek+i = ek ii k is even and wek ~ ek+i, wek+i — ek H k is odd. 
Clearly, {P2k + P2k+i)H (respectively (P2fc+i + P2k+2)H) is invariant with respect to v 
(respectively w). 

Let now 

P = llkM-^r'^Pk ® ( |! ) , 9 = Efe^o(-l)'^^fe ® ( e 
r = (Efe5^o(2^ + ^>P2k - 2kvP2k+i) ® Q e ) + ® ( 2e 
S={j:kM^k + l)wP2k+2-{2k + 2)P2k+i)<E>(^l e)+^^o®(o e " 

Here e is the identity element in Aa,i3- We write H for the Hilbert space PqH PqH 
PqH ® ((/ - Po)H e (/ - Po)H) Let CB{n) be the C*-algebra of compact operators on H. 
Direct verification shows that p, q, r, s are affiliated with the C*-algebra CB{'H)^Aa.j3 (the 
completion of the algebraic tensor product of CBiH.) and Aa.p with respect to a C*-norm, 
it does not depend which one). Moreover, since any representation of CB{Tl) (8) Aa,(3 is of 
the form V~^{id(^ Tr)V, where y is a unitary operator, id is the identical representation 
of CB{Ti) and tt is a representation of Aa.p, one can show that p, q, f, s, r*, s* separate 
representations of CB{7i) Aa^p, i.e., if tti, TT2 are different non-degenerate representations 
of CB{H) 1^ Aa^f3 then 7ri(x) 7^ Tr2ix), where x is one of p, q, r, s. In fact, if V^^{idi^ 
■7Ti){x)Vi — V^^{id TT2){x)V2, X ~ p, q, r, s , r* , s* , direct verification shows that V2V\^^ — 
I i^V, where Vni = 'IT2V and therefore V^'^{id ® 7ri)Vi = V^^{id ® tt2)V2. Besides, since 

[I+P^r^ ^Y.k^^i^ + k^r^Pk®{l I), (I + P^)-' eCB{n)(E>Aa,,0. Therefore, by 



Theorem 3.3], p, q, f, s generate the C*-algebra CB{H) ® Aa,i3- 
Let D = l.s. {a b \ a G CB{H),a £ J^,b G Aa,f3}, where T is the space of finite- 
dimensional operators in Ti.. Then D is dense in CB(Ti.) (g) Aa.f3 and invariant with respect 
to p, q, r, s, D is a core for the elements p, q, r, s and p, q, r, s satisfy relations ([lO|)- 
(|ll|) on D. Moreover, with V'(p) = P> 4'{q) = 9> V'(^) = V'('S) — s the representation 
(7r('0)(p)), Tr{ip{q)), Tr{ip{r), 7r(V'(s))) of A^^o satisfies the condition of Definition |l| for any 
representation tt of CB{'H) (S) Aa,p- From this it follows that the class R is *-wild. 

The mapping ip defines a functor from the category TZep^Aa.js) of non-degenerated 
representations of Aa,i3 to the category TZep{A4fi) as follows: 

• F^,{Tr){x) — {id (X) 7T){ip{x)) for any tt G TZep{Aa,p), x — p,q, r, s, 

• Fti,{A) = E a for any operator A intertwining tti and 7r2 G TZep{Aa,p)- 
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Since id (g) tt is a representation of CB{H) Aa,p it can be uniquely extended to affiliated 
elements ip{p), ijj{q), "tpir), '>p{s). It follows from that the functor is full. □ 



5 Representations of algebras Q„ ^ and *-algebras a(*)? 
n > 5 

5.1 Algebras Q„ a? n > 5, and their representations 

For each n > 5 and A S C the algebra Qn,>. is non-zero and contains as a subalgebra the 
free algebra with two generators, |RSS|. 

In this paper we do not give the description of the whole set A „^/rf for rt > 5 but some 
facts concerning this set. For other results see, for example, [Wu2, Wa|. 

As it was noticed before, Anjd C Q. On the other hand. An. fd contains the set Snjd = 
{a e M I 3H,dimH < oo, orthoprojections Pi, . . . , P„ such that J^Pk ~ ctl}, the last 
being studied in |KRS|. By |KRS|, the following statement holds. 

Proposition 11. 



D A«,/d 3 Ai U A^ 



where 
Al = 



{0,1 



A^ = {1,1 



(n-iy 



in-2y 



[n - 



(n-1) 



(n-2) 



(n-2) 



(n-1) 



(n-2) 



(n-2) 



(n - 



(n 



{n - 2) 

As to the description of finite-dimensional representations of Q„.a, A G Anjd, up to 
similarity, this is an open question now. 

Concerning the set An^bd, n > 5, we have the following 

Proposition 12. 

An,bd = C, {n< 5). 



Proof. For each A G C, we give, following |RS], a concrete construction of five idempotents 
Qi E B{H), whose sum is equal to A/. Let H ^ I2 (B h ® h and let I denote the identity 
operator on I2. Define Q^, i = 1, . . . , 5, in the following way: 



Qi 



Q3 



aX 3aX hX 
aX 3aX bX 
aX 3aX bX 

AaX 

-2aX 




aX —3aX bX 

—aX 3aX —bX 

aX —3aX bX 

2cX 2dcSl 

2cX 2dcSl 

Si S2X dX 
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where a ^ {5 - 2A)/6, 6 = (4A - 7)/3, c = (3A - 5)/4, d = (7 - 3A)/2, and Si, S2 are 
operators of a representation of the Cuntz algebra O2 ([pi^]). RecaU that ©2 is a unital 
^-algebra generated by si, S2, s*, 82 and relations s^S2 = 0, sl-si = e = S2S2 — sis* + S2S2- 
Direct verification shows that Qi — Qf , i = 1, . . . ,5, and Q1 + Q2 + Q3 + Q4 + Q5 = A/. □ 

Note that the construction which is given in the proposition is a generalization of an example 



in BES of five idcmpotcnts with zero sum. 



5.2 *-Algebras Q„.a(*)? n > 5 and their ^-representations by bound- 
ed operators 

As we already know, A„^bd = C if n > 5. As to representation of Qri.A(*) we have the 
following 

Proposition 13. ^-Algebra Qn,\{*) is not of type I for each A G C and n>5, i.e. for each 
X Cz C it has a factor-representation which is not of type I. 

Proof. It is enough to show that the ^-algebras Q5,a(*) is not of type / for each A S C. 
Assume first that A 7^ 2. It is known that the Cuntz algebra O2 is of not type /. So, 
there exists a factor-representation, p, of O2 such that the double commutant p{02)" is 
not of type /. Consider now a representation, tt, of Qz,x{*) given in Proposition ^ with 
Si — p{si), i ~ 1, . . . ,5. Direct calculations show that the commutant 'r^{QB,\{*))' coincides 
with {diag{C, C, C) | C e p{02)'} and 7r(Q5,A(*))" = Ms{M), where M = p{02)" . Since N 
is not of type I, M^{J\r) is not of type /, completing the proof. 

If A = 2, then Q^^x{*) is *-wild by Proposition || and therefore is not of type /. □ 

For many a G M we can say even more: there exist a G M such that Qn,x{*) and even 'Pn,a 
is *-wild. 

Proposition 14. The ^-algebras Qn,a{*) (n>b) are * -wild for a from the following sets: 
A4,bd-{2±2/A:(fcGN),2}, 

(b) A„_or6(2) = {"0 = 2, afe = (n - 1) - l/(afe-i - 1), G Z}, 

(c) J^n,orb(n/2) = {"O = Offc = («-!)- I / {uk-l - 1), fc G Z}. 

Proof, (a) Qn,a{*) [n > 5) is >i=-wild for a G h-i^bd because Q4,q(*) is *-wild for every 
a G A4 j,d b y Pro position ^j. 



(b) By fOSgl [Theorem 57], [lKS2| [Theorem 4] the unital ^-algebra 7'3._l2 = C(r,ri,r2 | 
r = r*,r'^ = r,r* = i"i,rf = ri,rir2 — 0) is *-wild. Setting ^(pi) = r, tp{p2) = e — r, 
iiiPs) = n, i>iP4) = r2, ipipz) = e - ri - r2 for the generators p;, i = 1, . . . , 5, of 7^5,2, 
we obtain a *-epimorphism from V5^2 to 7^3,^2 so that 7^3.^2 is a factor ^-algebra of 7^5,2- 
This shows that 7'5^2 and therefore 7'„.2, n > 5, is *-wild. Then the Coxter functors 



F : Vn,a Vn,i+i/{n-a-i) and R : Vn,a -> Vn.n-i-i/ia-i), coustructcd in [lKRS|] , spread 
out the *-wildness to all points 

a G A„.orb(2) ={•■•, OL-i = IH -,ao = 2,ai = n~2, ... , = [n-l) -, . . . }. 

71-3 ttfe-l - 1 

The set A„ orb(2) is the two-sided orbit of the point {2} with respect to the dynamical system 
a fia) = (n- 1) - l/(a- 1). 

(c) By [ pS2[ | [Theorem 55], the unital *-algebra V3^2anu = C{wi,i = 1,2,3 | w* = 
Wi,wf = e,wiW2 = W2W1 = 0) is *-wild. The *-algebra 7^5,5/2 is itsfactor *-algebra with 
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corresponding *-epimorphism ijj given by ip{Pi) = {wi + \/3u'2 + 2e)/4, 4'{p2) — {wi ~ 
V^W2 + 2e)/A, Vbs) = (-wi+e)/2, ^{pi) = (w3 + e)/2, t^bs) = {-w^ + e)/2. Since 755,5/2 
is a factor-*-algebra of 7^2^+1. (2n+i)/2 for each n > 5, we obtain that 'p2n+i.(2n+i)/2 is *-wild 
for any n > 2. Since the ^-algebra 7^5.2 is *-wild, by the same arguments, we obtain that 
7^g^3 and V2n,m n > 3 are *-wild. Then, using the Coxter functors F and R we get that the 
*-algebras Vn,a are *-wild for any 

A r 2 n / IN 1 1 
a e A„ or6(n/2) ={•••, Oi^i = IH -, ao = 77' • ■ ■ , Ofc = (n - 1) -, • ■ ■ }• 

n — 2 2 afc-i — 1 

The set A„ orb(n/2) is the two-sided orbit of the point {n/2} with respect to the dynamical 
system a ^ /(a) = (n — 1) — — 1). □ 

Restricting ourselves to ^-representations of T^n.a, or, equivalently, ^-representations 
of Qn,a{*) with the condition that the images of Qi are selfadjoint, we can give the full 
classification of such ^-representations for a € U A^. If a G A^ there exists a unique, 
up to unitary equivalence, irreducible representation of Vn,a, but if a G A^ there are n 



unitarily non-equivalent irreducible representations oiVn,a (see [KRS|). 



5.3 Representations of Q„ a? 'n>'b, by unbounded operators 

We do not study here unbounded representations of Qn,x^ n > 5 as the structure of bounded 
representations of Qn,\ {n > 5) is already very complicated. 
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